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ON THE CLASSIFICATION OF PLANE ALGEBRAIC CURVES 

POSSESSING FOURFOLD SYMMETRY WITH 

RESPECT TO A POINT* 

By R. D. Carmichabl 

A PLANE figure is said to be symmetrical with respect to a point, called 
the center of symmetry, if it coincides with its original position after being 
turned through 180° in its plane about that center. This we may call twofold 
symmetry. 

Generally, we shall say that a plane figure has r-fold symmetiy with 
respect to a point, called the center of symmetry, if it coincides with its original 

position after being turned through in its plane about that center. 

r 

The object of this paper is the classification of irreducible plane algebraic 
curves possessing fourfold sjTnmetry with respect to a point. The work will 
be carried out by showing that (excluding the case of curves consisting solely 
of isolated points) there are no such curves of odd degree, and that there are 
two classes of such curves of even degree. 

If the origin of rectangular Cartesian coordinates is taken at the center of 
symmetry, and if (o, j8) is a point on the curve, then also is (— a, — /S) , as may 
be readily seen from the above definition of fourfold symmetry. Then if these 
two sets of values are put for x, y in the equation of the curve there will result 
two equations which differ only in respect to the signs of the terms of odd 
degree in a, $, all such signs being different in the two cases. Take the sum of 
these two equations if their degree is odd ; and their difference if their degree is 
even : in each case the resulting equation will be one of degree ^ w — 1, n being 
the degree of the original equation. This is inconsistent with the assumption 
of a locus of the nth order unless the degree of this last equation is zero ; that 
is, unless the equation vanishes. For, suppose the contrary ; we should then 
have a locus of order less than n containing all the points (a, yS) of an nth 
degree locus ; and this is impossible since the curve is supposed irreducible. 
This leads readily to the following preliminary theorem : 



* Kead before the American Mathematical Society, September 6, 1907. 
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The equation in rectangular Cartesian coordinates of a plane algebraic 
curve of order n, possessing fourfold symmetry with respect to a point taken as 
the origin, has only tei'ms of odd degree in x, y when n is odd, and only 
terms of even degree in x, y when n is even. 

This equation may be written 

(1) 2«"'^V = 0, 

where t and s each ranges from to n subject to the condition 

< + s = 1, 3, 5, • • •, n when n is odd, 

< + « = 0, 2, 4, . • •, n when n is even, 

and where a^g are real constants so far taken independent of each other. We 
proceed now to find certain relations which exist among them. 

For this purpose it will be found convenient to transform the equation to 
polar coordinates, the origin remaining the same and the angle B being meas- 
ured from the x-axis. The equation tihen is 

(2) Va,,cos'^8in'5p«+» =0, 

where t and s are subject to the same conditions as before. Now, if 90° + 6 
is put for 6, equation (2) becomes 



(3) V(- l)'a«,8in<^co8»^^' + » = 



0. 



In order that the loci should possess the defined fourfold symmetry with re- 
spect to the origin it is both necessary and sufficient that the same values of p 
satisfy both equations (2) and (3) when has any fixed value. Therefore the 
coefficients of like powers of p can differ only by some constant factor m. 
Therefore we must have 

(4) 'y] ««« cos* sin' ^ = TO ^ (— 1 ) ' o^, sin* cos'tf , 

where the summation is extended to all permissible values of t and a such that 
t + s has any fixed value. 

We assume that the locus does not consist entirely of isolated points. 
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Then there are an infinite number of values of 6 for which cos 6 is not zero in 
every case for which n > 1 ; and evidently when n = 1 the fourfold symmetry 
does not exist. Then transposing in (4) and dividing by cos'+' 6, we have 

(5) Va,.tan'^ - »i V (- !)'««. tan*^ = 0, 

< + « being fixed in value. Now, (5) is an algebraic equation in tan d of 
degree not exceeding n ; but it must be satisfied by an infinite number of 
values of d. Therefore its first member vanishes identically ; and hence 
the coefficient of any power of tan must vanish. That is, we must have 

(6) a., -m(-l)'a,, = 0. 
Interchanging t and s we arrive at the equation 

whence 

m (- \yau - »»«(- !)«+• a,t = 0. 

Combining with (6), we have 

«.*-»»'(- l)*+»a,, = 0; 
or 

1 _ ,n«(- l)«+« = 0, or a,t = a,, = 0. 

In the latter case, a^ = a^,, equation (1) vanishes. In the former case, if n 
is odd so is t -^ s; and therefore we have 

m = ± sT^l ; 

that is, two real coefiicients diflTer by an imaginary factor, which is impos- 
sible. Therefore we have the following theorem : 

JExcluding cui'ves consisting of isolated points only, there exist no loci 
of odd order possessing fourfold symmetry with respect to a point. 

If n is even so is t + s; then we have 

>w = + 1, — 1. 

Hence from (6) it follows readily that there are to be considered the two 
cases 

(7) a^ = (- lyau ; and a„ = - (- l)'a„. 
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That is, these are conditions both necessary and. sufficient for the existence 
of the defined symmetry. 

By the aid respectively of the first and the second conditions in equa- 
tions (7) we may transform equation (1) into the following: 

2 [«*.(a='y' + (- ^y^y')] = 0, t^s; 
2 l«ts{xY - (- l)*a^y')] = 0' « 5 «• 

The condition t ^ s may evidently be replaced by t = s, s + 1, • • -, n. 
Putting these results with the preceding ones we have the theorem : 

Excluding curves consisting of isolated points only, the only loci of the 
nth order pcmsessing fourfold symmetry with respect to a point taken as the 
origin are those whose rectangular Vartesian equations are of one of the 
forms 

2^ [a«»(a;V + (- l)'a^y)] = 0« 
2 \a,,{7fy - (- l)«a;'yO] = 0, 
where n must he even and 

s = 0, 1, 2, •• •,n, 
t=i s, s + 1, ••-,«; 
subject to the condition that 

< + s = 0, 2, 4, • . •, «. 

Alabama Fbesbttekian Coixege, 
Anniston, Ala., 

June, 1907. 



